12

Introduction to the Laplace
Transform

Assessment Problems

et + e Pt
2

AP 12.1 [a] cosh Bt =

Therefore,

L{cosh ft} = % / :[e(s~ﬁ)t + e~ (==P)|dt

B 1 [ e (=0t
T2 [—(s —B)

o0 e""(s+ﬂ)t

0- Jr_——(s +5)

.|

(1 1\ _ s
T 2\s—p8 s+8) -
eft — e Pt

2

[b] sinhpt =

Therefore,

L{sinh ft} = .;_ / : [e—(s~ﬁ)t _ e—(s—}-,@)t] dt

1] =Bt 1™ [ e (s+Pt %
~'2_[—(%ﬂ)}o-’_2—[—(8+,6')L~

_1( 11 )ﬁ 3
“2\s—8 s+B8) (s2—-p?)

AP 12.2 [a] Let f(t) = te™*:

F(s) = L{te ™} = G—:T)Q
Now, L{tf(t)}= *dFdiS)
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12-2 CHAPTER 12. Introduction to the Laplace Transform

So,  Lft-te ) =~ [<s ; a>2} - Gha

[b] Let f(t)=e *sinhBt, then
_ _ g
L{f(O)} = F(s) = (s+a)3—p

AN _ om0y = — B g B8
['{ dt}“F() f(0°) (s+a)? — B2 0 (s +a)? — (32

[c] Let f(t) = coswt. Then
s dF(s) —(s*—w?)

F(s) = m and ds (52 + w?)?

dF(s) = s*—u?
ds (52 +w?)?

Therefore L{tcoswt} = —

652 +268—|—26 Kl K2 K3
F = =
(s) (s+1)(s+2)(s+3) 8+1+S+2+s+3
6 — 26 + 26 24 — 52 + 26
K=—w—"=3; Ky=2""_"""""—-9
T DE) SRS HIEY
54 — 78 + 26
Ko=—ooo----—=1
’ (=2)(=1)
Therefore f(t) = [3¢7¢ 4+ 2e7% + e~ u(t)
AP 12.4 752 + 63s + 134 K K. K.
§°+ 03s + 1 2 3
F ) = =
)= o)+ a(s+5) 543 s+4 s+5
63 — 189 — 134 112 — 252 + 134
K = g 4‘ K frmceast e
! Q) e
175 — 315+ 1
K, = 5-315+134

(=2)(=1)

ft) = [4e73 4 6™ — 3e " u(t)



Problems
AP 125 10(? + 119
F(s) = (s 119)
(s + 5)(s2 + 10s + 169)
$12=—5%EVv25—169 = -5+ 512
K Ks K;
F =
)= sT5 55712 5454412
o _ 10025 +119) _
17 95 —50+169
10[(=5 +j12)2+119] .
Ky = - - = j4.17 = 4.17/90°
’ (712)(724) ! —
Therefore
f(t) = [10e~% + 8.33e™5 cos(12t 4 90°)] u(t)
= [10e~5 — 8.33¢ 75" sin 12t] u(t)
AP 120 452 + 7 1 K, K K
_ s“+ 7s+ . _(1 1 9
Fls) = s(s+1)2 s + (s+1)2 +.9-1—1
1 4-7T+1
K—i 45 +T7s+1 _8(85+7)-—(4s2+73+1)
27 ds s ——1 - 52 —1
142
=== 3

Therefore f(t) = [1 + 2te™ + 3e "] u(t)

AP 127

Py - 0 40
T (2445452 (s+2—41)2(s+2+ 1)
_ Ky N K + Ky
T (s+2—41)2 " (s+2—j1) (s+2+j1)
LK
(s+2+j1)
40
K = = —-10=10/180° and Ki=-10

(42)?
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Jig, sF(s) = iy

s*[1+ (1/s)?

L f0Y) =4
- ) 452 +7s+1
pmer(s) = [ G5 -
" floo) =1
. ) 40s
Jim sF(s) = Jim, [34[1 T (4f5) + (5/32)]2} -
s fOT) =0

‘ ) 40s
limy sF(s) = limy {m] 0

. f(o0) =0

{33[4 +(7/s) + (1/8)2]} _4

Problems
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19-6  CHAPTER 12. Introduction to the Laplace Transform

Problems

P121 [a] f()=120+30 —4s<t<0
F(t)=120—30t 0<t<8s
F(t) = —360+30t 8s<t<12s

fit)=20 elsewhere

F(t) = (120 + 308)[(u(t + 4) — u(t)] + (120 — 308)[u(t) — u(t - 8)]
+(—360 + 30¢) [u(t — 8) — u(t — 12)]

[b] f(t) = 50sin Tt[u(t) — u(t — 4)]
= (50sin Zt)u(t) — (50sin Ztyu(t — 4)
[c] f(t) = (30 — 3t)tu(t) ~ u(t — 10)]
P 12.2 [a] (50 + 2.5¢)[u(t + 20) — u(t)] + (50 — 5t)[u(t) — u(t — 10)]
= (2.5t + 50)u(t + 20) — 2.5tu(t) + (5t — 50)u(t — 10)
[b] (5t + 45)[u(t + 9) — u(t + 6)] + 15[u(t + 6) — u(t + 3)] — 5t[u(t + 3) — u(t — 3)]
—15[u(t — 3) — u(t — 6)] + (5t — 45)[u(t — 6) — u(t — 9)]
= 5(t + 9)u(t + 9) — 5(t + 6)u(t +6) — 5(t + 3)u(t + 3) + 5(t — 3)u(t —3)
+5(t — 6)u(t — 6) — 5(t — O)u(t — 9)

P 123
200

1501
100
50
ol
50
100
150
0ol

fi)

t{s)



Problems

P 124 [a] o

40

20

)

20

-40

FoL
1 (s)

[b] f(t) = 30t{u(t) — u(t — 2)] + 60[u(t — 2) — u(t — 4)]
+60 cos(Zt — m)[u(t — 4) — u(t — 8)]
+(30t — 300)[u(t — 8) — u(t — 10)]

P 125 [a] A= (-;-) bh = G) (2¢) (%) ~ 1.0
[b] O; [c] o0
P126 [a] I= /:12(153 + 4)8(t) dt+./¢424(t3 +4)6(t —2)dt
=4+4(8+4) =52
b] I= /_43 t26(t) dt+/_43 t26(t + 2.5)dt + 0

= 0%+ (—2.5)* +0=6.25

(3 + jw) jtw ”(_1_) 34+40 ) _ 3
P 12.7 f(t)= /00(4_'_3) wo(w) - e’ dw = 5 ————4+j07re =3

12-7

P 12.8 As ¢ — 0 the amplitude — o0o; the duration — 0; and the area is independent

of g, i.e.,
A= / ~1
ww§+ﬁ
1 e’ — e %€
P129 F / et =S —¢
(S) —e 26 285

1 .. se’t + se™ ¢ 1 2s
e



12-8 CHAPTER 12. Introduction to the Laplace Transform

P 12.10 [a] Let dv=4§(t—a)dt, v=256(t—a)
w=f(t),  du=ft)dt
Therefore

/ o:of(t)é’(t— a)dt = f(H)5(t — a)

1 -[ °; §(t — a)f'(t) dt
=0~ f'(a)

[b] £{8 ()} = /0 ‘f §(t)e " dt = — [f'l—(‘;_t—“)} = [—se™] =

P 12.11 .

4
g3

—

-8 —g/2 g/ 2 £

-4
e3

—e/2 4 " e/2 /— st
— = st —e t
F(s) /_e e3¢ di + /—5/2 ( > di + / /2 e3¢ d

4
Therefore F(s) = :;8—3[688 — 2¢%/% 4 9e7/? — %)

L4 (1)} = I F (s)

After applying L’Hopital’s rule three times, we have

. 2s se S se/2 S —se/2 —ss} _ 2s <3S)
e R A L R

Therefore L{6"(t)} = s*

P1212 £ {51—7%2} = §"F(s) — s"1f(07) —s"2f/(07) — -+,
Therefore
L{6"(#)} = s"(1) — s"16(07) — s"726'(07) — 8" %6"(07) — -+ - = 8"

1
(s + a)?

P 12.13 [a] E{t} = ;12—; therefore [,{te"“t} =



Problems
Jwt _ ,—jwt
[b] sinwt = 6_"_;56-__
Therefore
: 1 1 1 1 25w
== - ===
Llsinwt) (j2) (g = jw s—l—jw) (jZ) <s2+w2)
W
T g2 4 w2
[c] sin(wt + 8) = (sinwt cosf + coswtsinb)
Therefore
L{sin(wt + 6)} = cos §L{sinwt} + sinL{coswt}
_ wcosf + ssinf
s2 + w?
L —st d —e 1 1
(1) = / te=*t dt = S (—st — 1) _0—5—2(0—1):5—2

[e] f(t) = coshtcoshf + Slnh tsinh @
From Assessment Problem 12.1(a)

s
ht} =
L{cosht} o
From Assessment Problem 12.1(b)
) 1
L{sinht} = =1

L{cosh(t + 0)} = cosh 6 [( 1)} + sinh 6 [ %_ 1]

__ sinh @ + s[cosh §]
=1

P 12.14 [a] L{te™*} = / :te‘(5+“)t dt
o—(s+a)t
~ (s+ap
_t
(s +a)®
1
(s+a)?

[ ~(s—|—a)t—1}:i

L{te ™} =

S

bl £{G e ult)} = oy -

S

om0} = e

12-9



12-10 CHAPTER 12. Introduction to the Laplace Transform

d . oty _ —at | —at
[c] dt(te )= —ate™™ +e
—a 1 —a s+a
—at —at —at — a —
L{-ate™ +e™"} (s+a)2+(s+a) (8+a)2+(s+a)2
. d —at ___ S
oL {dt(te )} = —~——(8+a)2 CHECKS
£ e"_St o0
’ — o p—a(t—e) ,—st
P 1215 [a] L{f'(t)} /_6 — dt+/€ ae—at=2) =5t it
1 SE —8E& a —8€&
= (e e )—~(8+a>e — F(s)
lim F(s) =1— @ ¢
£—0 s+a s+a
1
—at\ __
b] Ll ) = ——
/ _ _ -\ — s ) = s
Therefore L{f'(t)} = sF(s)— f(07) “Ta Ta

P 12.16 L{e"*f(t)} = /0 Sl (e dt = /O " f#)e e+ dt = F(s +a)

e da:} B FS) B s(si—a)

P 12.17 [a] [,{/t

o e[ ) -

t $2 2 1 2 1

Yy = 5{5}—5';5—;5

dsinwt 5 sw
P12.18 [a] £{——ult)[ =55 —500) = 5375

2

52+(.d2

[blz{dc‘)‘“‘“’tu(t)}= L oos(0) =

g3

] £ {dz(g)u(t)} _ (3) _ $2(0) — 5(0) — 2(0) = 2

—0?

52 4 w?



Problems

dsinwt
[d] szlrzw = (coswt) - w, L{wcoswt} = ﬁ(ﬁ
d coswt .
= —wsinwt
dt
2
B(t%)

2(t);  L{26(t)} =2

dt?

P 12.19 [a] f(t) = 4t[u(t) — u(t — 4)]
+(32 — 4t)[u(t — 4) — u(t — 12)]
+(4t — 64)[u(t — 12) — u(t — 16)]
= 4tu(t) — 8(t — 4)u(t — 4)
+8(t — 12)u(t — 12) — A(t — 16)u(t — 16)

[1 _ 26—43 + 26——123 _ 6—16S]
42

" F(s)z4

£7(t)

B Lz & tis)

F1(t) = 4u(t) — u(t — 4)] — 4[u(t — 4) — u(t — 12)]
4fu(t — 12) — u(t — 16)]
— du(t) — Su(t — 4) + Su(t — 12) — 4u(t — 16)

4[1 _ 26—45 + 28_128 _ 6—16.5]
S

L{f®} =

12-11



12-12 CHAPTER 12. Introduction to the Laplace Transform

[c] £ BS(t-12)

A&am

B he 6 t{s)

-88(t-4)

-4 A(t-16)

F/(2) = 48(t) — 86(t — 4) + 86(t — 12) — 46(t — 16)
E{f”(t)} — 4[1 _ 28—45 + 26—-125 . 6—163]
P 12.20 [a] /t zda :?

12 1 o
L=t ==[ tle™dt
{2} 2J o- €

1 —st
= —é [i—s—g(sztz “|’“ 23t + 2)

Z]

1 P

=530 =3

" [.{/t_mdm}=;1§

[b] E{/t xdw}:é{s_ﬁ___yfi:i

g3

.r:{/t :zrda:} -1 cHECKS

g3

—5(t—2) —20e728
P 1221 fa] £{-20eDu(t~2)} = 5

[b] First rewrite f(t) as
£(t) = (8t — 8)u(t — 1) + (24 — 8t — 8t + 8)u(t — 2)
+(8t — 40 — 24 + 8t)u(t — 4) — (8t — 40)u(t — 5)
— 8(t — Du(t — 1) — 16(t — 2)u(t — 2)
+16(t — 4)u(t — 4) — 8(t — S)u(t — 5)

8le™® — 272 + 2e™"° — e~
32

F(s) =



Problems

P 12.22 L{f(at)} = /0 ” flatye dt

Let wu = at, du = adt, u=0" when t=0"

and uw=o0 when ¢=o00

Therefore  L{f(at)} = [ f(u)e-@/a)sd—;‘- _ zll—F(s/a)
P 1223 [a] fi(t) = e ¥sinwt;  Fi(s) = m‘%m
F(s) = sFy(s) — f1(07) = ZS—JF—%;’—IE ~0
b] fut) = e coswt;  Fi(s) = (—;—’;’—;—w—

_ Fi(s) _ s+a
P (PRSP EREE)

d .
[c] E[e”“t sinwit] = we ™ coswt — ae” " sinwt

w(s+a)—wa ws
(s+a)2+w? (s+a)+w?

Therefore F(s) =

/t o —ae~® coswt +we “sinwt +a
e coswx dr =
— a2 + w2
Therefore
1 —a(s +a) w? a
Fls) = a? + w? [(S+a)2+w2 + (s +a)? + w? + s}
_ sta
T s[(s+a)?+ W
dF(s) d [[> st } _ *© —st
P 1224 [a] 5> = o [ [~ fye dit| = /0_ tf (et dt
d
Therefore L{tf(t)} = — Zis)
d*F(s) _ [* 2 —st g1 d*F'(s) .3 —st
b] 2 = /0 T2 (t)e " dt; = /0 T (et dt
Therefore d dFS’IES) = (-1)" /Ooj " f(t)e " dt = (—1)"L{" ()}

12-13



12-14 CHAPTER 12. Introduction to the Laplace Transform

] L{E} = L{E) = (—1)'2 (1) _ 120

dst \ 52 g6

E{tsinﬁt}:(_.l)l%( B ) 928s

52 1 32 = (s2 + B2)2
L{te *cosht}:

From Assessment Problem 12.1(a),
s

F(s) = L{cosht} =

s2—-1

dF _ (s*=1)1—s(2s) _ s?+1
ds (s2 —1)2 - (s2 — 1)2

dF s2+1
Therefore — o= m
Thus

241
L{t CObht} = m

(s+1)2+1  s*4+2542
[(s+1)2—1]2 s2(s+2)?

P 1225 [a] [ :oF('u,)du: / °° [ / : f(t)e”“tdt] du= [ : [ / :of(t)e—utdu] dt
— / :i £(t) / :oe_"tdudtz / : £t {e_m j dt

—t
_ /:f(t) [_:t] dt =L {f—iﬂ}

[b] L{tsin Bt} = (—52%?%2)_2

tsinf3t| (> 20u
therefore [,{ " }—[s [( ]du

L{e "tcosht} =

u? -+ 62)2

Let w = u2 + (82, then w = 52 + (3> when u = s, and w = co when u = 00;
also dw = 2u du, thus

tsin Gt o ldw -1\ |® B
E{ t }_'6 52462 [_UJ—Q} "ﬁ(j>

82+ﬁ2: 52 + [




Problems

‘ 5s2
P 1226 ig(t) = 5cos 10tu(t);  so Io(s) = 5750
1 1 1
=40 55 =64 =4
(40)(5)s2 200s2

Therefore V =

(s2 4 40s + 64)(s% + 100) (52 + 40s + 64) (s + 100)

o c 1 ¢ o
P 12.27 [a] - RVd —I—Z/Ovodx—l—C%}-t—:O
R 1t du,
U0+_E'/0 Vo dt —‘V;ic
RV Vdc

[b] V,+ -2+ RCOSV, = —

sLV, + RV, + RCLs*V, = LVq.

~ (1/RC)Vqe
Vo(s) = 2 A RCYs +d(1/LC)
. _ 1 n
C] 1o = —L_/ ’Uod.’l'
(1/RCL)Vi

Io(s) =

sL ~ s[s2+ (1/RC)s + (1/LC))

dv,
dt

P 12.28 | Idc——L/vada’—l— +C
Idc_V(s) V(s)

[b] "7 i + sCV,(s)
_ Idc/O
Vo(s) = 3 /RC)s + (1/L0)
[c] % = C'd;:’
I,(s) = sCVi(s) = i
o) = sOVo(s) = 7 (1/RC)s + (1/LC)
P 12.29 [a] %/Otuldr+ e

and

d’Ug Uy ’Ul_
CaEtrR RO

12-15



12-16 CHAPTER 12. Introduction to the Laplace Transform

W Vi-Ve _
sL + R =1

[b]

(R4 sL)Vi(s) — sLVa(s) = RLslI,(s)
—Vi(s) + (RCs + 1)Va(s) =0

Solving,

_ Slg(s)
Va(s) = C[s? + (R/L)s + (1/LC))

P 12.30 [a] Fort > 0":

Vo dvo .

—1§+Cdt +i,=0

. L%_ dv, d%,

°T T’ dt T dt?
L di, d%i, .
EES—+LC'E£2——+ZO-—O
%, 1 di, 1

oo T trRom "o

L

o lsT(s) — Tad + L—l(j-I(,(s) ~0

[b] s21,(s) — slgc — 0+
o, L 1]
I,(s) [s e LC] — Ia(s + 1/RC)

(s) = —aels + 1/RC)
%) = @1 (1/RC)s + (1/LO)]

P 12.31 [a] For ¢ > 0":

) die
R’LO+L*‘6—i‘t— + v, = 0

dv, di, d?v,

=0 &~ Y
dv, d?v,
RC-;i—t‘-FLCde +UO—0

or
d?v, Rdv, 1

2 T Tat o=



Problems

B sVi(s) — Vad +

[b] s?V,(s) — sVa. — 0+ L[

1
70 "e(5) =0

Vi(s) [52 + —%s + Z‘l’é] Vie(s + R/L)
Vac[s + (R/L))

[s2+ (R/L)s + (1/LC)]

d d din

Vo(s) =

P 12.32 [a] 300 = 60¢; + 25—

d, . di .
0=5- (i —in) + 1od—t1 + 404,

Simplifying the above equations gives:

. d d’l,g
= 1 —_—
300 = 60¢1 + 10—~ 7 +9 7

d d’LQ
4 -z
0= 012+5d +5df

[b] 320 (105 + 60)Ix (s) -+ 5sI(s)

0= 58[1(8) + (58 + 40)[2(5)

[c] Solving the equations in (b),

60(s + 8)
Ii(s) = s(s+4)(s+24)
—60
L) = GG 129
20052

P 1233 V(s) = (s% + 40s + 64)(s? + 100)

s% +40s + 64 = (s +38.33)(s + 1.67);  s*+100 = (s — j10)(s + j10)

Therefore
V) = Gy B+ 1?6(3);’);(23 ~j10)(s + 510)

T s +K11.67 + S +I?{>§.33 + S w}—(;10 + s —!}—(510
K, = 200s? — 015

(s + 38.33)(s% + 100) |s=—1.67

12-17



12-18 CHAPTER 12. Introduction to the Laplace Transform

20052
Ky = = —5.11
27 (54 1.67)(s2 + 100) |s=—38.33
Ky = 2005* = 2.49/ — 5.14°
3= (57 167)(s + 38.33)(5 + 410) lsjio
Therefore

v(t) = [4.98 cos(10¢ — 5.14°) + 0.15e™ ™ — 5.11e™**u(t) V

10°

s T e T 4
P 1234 [a] 7~ 09)(100) 1250 x 10
1 108
RC ~ (10)(100) 1000
70,000

Vol®) = 7524 10005 -+ 1250 x 109)

512 = —500 = v/25 x 107 — 1250 x 10% = —500 = j3500 rad/s

70,000
(s + 500 — §3500)(s + 500 + 53500)
~ s+ 500 — 53500 s+ 500 + j3500

70,000
K= —— =10/=90°
(j7000) :
10/ — 90° 10/90°
s+ 500 — j3500 ' s+ 500 + 53500

Vils) =

Vo(s) =

vo(t) = [20e7°%% cos(3500t — 90°)]u(t) V = [20e750% sin 3500¢]u(t) V

87,500
b] I(s) = ’
[b] To(s) = 757500 = j3500) (s + 500 + 73500)

K, K K

= s s4500—43500 s -+ 500+ 73500

87,500
1= Tom0 % 108 A
87,500

Ky =3.5/171.87°mA

= (=500 + 43500)(57000)
io(t) = [7 + Te % cos(3500t 4 171.87°)Ju(t) mA



Problems 12-19

10°

P 12. = =10*
1235 o] 25 = @x109@s)
1 10° 6
e —16x1
I~ @5 i
40 x 10814,
Vols) = 7 10,0005 + 16 x 106
B 40 x 10614
"~ (54 2000)(s + 8000)
B 120,000
= {5 + 2000)(s + 8000)
K " K,
T 542000 s+ 8000
120,000 120,000
= ! = 2 : = ! = —
1™ 76000 0 K= —5q00 20
20 20
Vo($) = S75000 ~ 5+ 8000
Vo(t) = [20e™2000 — 2080y (t) V
3 x 107 3s
bl I(s) =
bl 1o(s) = 75 53000)(s + 8000)
K, Ky

= 572000 T 5+ 8000
(3 x 10-3)(2000)

= _ - — -3
K 6000 10
(3 x 107%)(—8000) s
_ —4x1
K> ~6000 x 10

L(s) = —107° | 4x 103
/T 542000 s+ 8000

Go(t) = (4780008 — 720000, (f) mA

[c] i,(0) =4—1=3mA
Yes. The initial inductor current is zero by hypothesis, the initial resistor
current is zero because the initial capacitor voltage is zero by hypothesis.
Thus at ¢ = 0 the source current appears in the capacitor.
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P 12.36

P 12.37

P 12.38

CHAPTER 12. Introduction to the Laplace Transform

1 . 1 s R
-_ = . ———:4 M —_
o= 2x10% pE=Axils 7
30,000

s2 4+ 5000s + 4 x 1086

Va(s) =

s1 = —1000; sg = —4000

30,000
(s + 1000)(s + 4000)

1010
T 5+1000 s+ 4000

Va(s) =

vy(t) = [10e71000F _ 10e 400y () V

1 1 6
R—C; = 10,000; '1-_76-; =16 x 10
_ 0.1(s + 10,000)

" 524 10,000s + 16 x 108

Io(s)

s1 = —2000; s9 = —8000

0.1(s+ 10,0000 Ky

= 5000;

K,

I(s) =

_0.1(8000)

K, = —=0.133
! 6000 0.13

0.1(2000)
= ) 0.0
K2 = —5000 33

0.133 0.033

L(s) = —
(8) = 773000 ~ 51 8000

(5 + 2000)(5 + 8000) _ 5+ 2000 5+ 8000

io(t) = [133.33e 72000 _ 33.33¢730%]y(t) mA

R 1 .
i (s) = 1505 +5000)

52 4+ 5000s + 4 x 10°

12 = —2500 & v/6.25 x 106 — 4 x 106

Iy

0.015



s1 = —1000 rad/s; 89 = —4000 rad/s

V)= DEHH00 KK

(s + 1000)(s + 4000) s+ 1000 " s + 4000
oD )y
Vols) =3 +2f000 T +54000
Vo(t) = [20e71000¢ _ 5—4000t1,, 4y i/

P 12.39 [a] Li(s) = —l% + 3?4 + 553)24
N
Ky = (f%(_fé) =2
hi(s) = (g B s—?—4 - s-|—224>
i1(t) = (5 — 3™ — 2e**)u(t) A

2(5) = sI—(I-14 + ?24
K = _2—%0= -3 K= :28 =3
Io(s) = (s:-34 + s —524)

ia(t) = (3724 — 3e™*)u(t) A

[c] Yes, at t = o0
300

21 60 5

Problems

12-21

Since ¢; is a dc current at ¢ = oo there is no voltage induced in the 10 H
inductor; hence, i3 = 0. Also note that 4;(0) = 0 and 43(0) = 0. Thus our
solutions satisfy the condition of no initial energy stored in the circuit.
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K Ky K3

P 12.40 [a] F(S):8+1+8+2+8+3
18 — 66 + 54 72 —-132+ 54
K=—=_0F%% g g 2132404
' (1)(2) ’ (=D)(1)
_ 162-198+54

="

F(t) =[3e7* + 6e7% + 9e¥u(t)

Kl K2 Kg K4
s+2+3+3+s+5

_ 853 + 8952 + 311s + 300
(54 2)(s+3)(5+5) o
_ 8s% 4 8952 + 311s + 300

Ky = =95
2 s(s+3)(s+5) s=—2

=10

8s® + 89s% + 311s + 300
K3 = = —8
s(s+2)(s+5) s=—3

K — 8s® + 89s% + 311s + 300
4T s(s+2)(s+3) s=—5

f(t) = [10+ 5% — 8e™3 + e™u(t)
[c] s12=—6=+/36— 100 = —6 + ;8
118 + 1725 + 700
(s+2)(s+6—38)(s+ 6+ 758)
K, K, K
s+2 T 546-48 546178
44-304+700
4-24+100

_ 11(—6+ 782+ 172(—6 + 58) + 700
N (—4+ j8)j16

F(s) =

Klz

Ky

=3—j4=5/—53.13°

S f(t) = [5e7* + 10e™% cos(8t — 53.13°)]u(t)



[d] s120=-7T+V49—625= -7+ 524

F(s) = 5652 + 1125 + 5000
T (54 17— 24 (s + 7+ j24)

_ K N Ko K3
s s+ T7—3524  s+7+524
5000
Ki= 505 =8
s, — 96(=7 +524)* + 112(=7 + j24) + 5000
2:

(=74 524)748
= 24+ j7 = 25/16.26°
f(t) = [8 4 50e™" cos(24t + 16.26°)]u(t)

K, K, K;

8(s% — 5s + 50) 400
= =— =40
K s+ 10 s=0 10
Ko d [8(s* — 554 50)
7 ds s+ 10 0
_ 8(s+10)(2s — 5) — 8(s? — 5s + 50)(1)
o (S -+ 10)2 §=0
_ 10(-40) —8(50) _ o
- 100 B
8(s* — 5s + 50) 8(100 + 50 + 50)
Kg —_ = == 16
52 s=—10 100
40 8 16
Flo) =5 =5+ 5510
f(t) = [40t — 8 + 16e 1 %]u(t)
K, K Ks
[b] F(s) ===+ Grae stz
10(12 -8+ 4
4 -2
d {10(332 +4s + 4)}
Ky = —
ds s s=—2

_ 10[(s)(65 + 4) — (35> + 45 + 4)]

=20

s=—

Problems

12-23
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10 40 20
F(S):—s__ (s+2)2+s—|—2

f(t) = [10 — 40te™ + 20e~Z]u(t)
[C] 81,22—2:|’_‘\/4— =—2:!:]1

K K Ks K
F(s) =122
() 2 s +s—l—2—j1+s+2+j1

=3 =
d [s®—6s2+ 155+ 50

=d_s{ s2+4s5+5 }

_ (57 +4545)(3s* — 125 + 15) — (s® — 652 + 155 + 50)(2s + 4)

N (32 + 4s + 5)2 s=0

K 10

K,

5=0

_ 5(15) — 50(4)
N 25
8% — 652 + 155 + 50

s2(s+ 2+ 41) s=—2441
(=2+41)% = -2+ 511, (—2+41)*=3—j4
—2+ j11 — 6(3 — jd) + 15(=2 4 j1) + 50

=5

K3 =

Ks — /T
¥ (3 —74)(52)
— 34 j4="5/53.13°
1 5/53.13°  5/— 53.13°
P~ 105 5f31E | 5/- 53

s2 s s—{—2—j1+s+2+j1
f(t) = [10t — 5 + 10e™* cos(t + 53.13°)]u(t)

K1 K2 K3

ld] F(s) = (S+2)3+(S+2)2+8+2

=-3

§=—2

Ki=54+6s+5

d
Ky = 8{32+6s+5}

= =25+6 =2

s=—2 s=—2

=2; K3:1

s=—2

d

-3 2 1
(s +23 (5422 s+2

3t2e2

+ 2te™® + e = [(2t — 1.5¢2 4 1)e” ]u(t)



Problems 12-25

] s10=—1%+vT—5=—1%32

K; I Ky 4 K, i K3
(s+1—32)2 (s+1+342)> s+1-—j2 (s+1+j2)

K — 16s% + 72s% 4 2165 — 128
! (s+1+32)2 s=—1+j2

F(s) =

(=14 52)* =11 — j2; (-1+72)%=-3-j4

176 — §32 — 216 — j288 — 216 + j432 — 128
K= —16

=924 — j7=25/—16.26°

d {1653 + 7252 4+ 2165 — 128

s:~1+j2}

27 ds (s + 1+ 52)2

_ (s+1+52)%(485% + 1445 + 216)
- (s +1+52)1 =142

_(165° + 725 + 2165 — 128)2(s +1 + 52)

(s+1+72)% s=—1+52
_ (j4)%(—144 — j192 — 144 + j288 + 216) — (—384 + 7112)(58)
(J4)*

2048 + 51536

— 8+ j6 = 10/36.87°
oo 8 + j6 = 10/36.87

95/ —16.26°  25/16.26°  10/36.87° 10/ —36.87°
GG+1-j22 (5414722 s+1—j2 s+1+]2

F(s) =

f(t) = [50te™ cos(2t — 16.26°) + 20e~ cos(2t + 36.87)|u(t)

P 12.42 [a] 10
F(s)= s*+6s+5| 10s*+85s+95
1052 + 60s + 50
255 + 45
25S+45 Kl Kg
= ————-———~—=1
F(s) 10+S2+68+5 0+s+1+s+5
255 + 45
K =222 =5
! 3+5 s=—1
2:25s+45 _ 90
S‘I‘l s=—b5
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) 20
Fle) =10+ =9+ 555

f(t) = 106(t) + [5eF + 20> u(t)

[b] 5
F(s)= s?+4s+5| 5s®+40s+25
552 4+ 20s + 25
20s
20s Kl Kf
F — 5 I
() +52+4s+5 5+s+2—j+3+2+j
2
K Os — 10 + j20 = 22.36/63.43°

TS24 ey

22.36/63.43°  22.36/ — 63.43°
s+2—j s+247

F(t) = 56(t) + 44.72e7* cos(t + 63.43°)u(t)

F(s)=5+

[c] s+5
F(s)= s+20| s*+25s+150
s% + 20s
5 + 150
55 + 100
50
F(s) =s+5+@52—0) =s+5+;§_92—(—)
F(t) = 8'(t) + 56(t) + 50e2%u(t)
P12.43 [a] F(s)= 1+ 72+ s+fij2 N 3+11<?:}—j2
K, = %%sij)g o 20
K, =L l100(8+1)] _ [ 100 100(s+1)(2s +2)
ds |s>+2s+5 2+ 2545 (2+25+5)?2 |,
=20—-8=12
100(s + 1)

5= = —6+ j8 = 10/126.87°

s2(s + 1+ j2) ls=—1+j2
£(t) = [20t + 12 + 20e ™" cos(2t + 126.87°)]u(t)




[b] F(s) =

[c] F(s) =

[d] F(s)

Problems

2082 K L Ko L Ks
(s+1)3  (s+1p  (s+1)2 s+1

20s% = K1 + Ko(s + 1) + K3(s + 1)?
K = 20s? =20
s=-1

After differentiating each side

40s = 0+ Ky + 2K3(s+ 1); . Ky =40s = —40

s=—1

After differentiating again

40 =0+ 2Ks; S Ky3=120
20s 20 4 N 20
(s+1)3  (s+1P3 (s+1)2 s+1
Test at s = 0:
0=20—-40+20=0 OK
t2et _
ft) = 20 2,‘3 — 40te~ + 20e~" = (10t2 — 40t + 20)e “u(?)
Kl K2 K3 K4
s + (s+1)3+ (s+1)2+s—|—1
40(s + 2)
Ki=——7 =80
! (S + 1)3 5=0
K2:40(s+2) — 40
S s=—1
2
K3=i M - ilg_&(s_‘t_l — —40 — 40 = —80
ds s s 52 a1
1ld @_40(8—!-2)
Y7 2ds | s 52
_1]-40 40 80(s +2) 1 _
_5[52 ——;54— " L=_1_§( 40 — 40 — 80) = —80

£(£) = [80 — 20t%e~" — 80te™" — 80e“Ju(t)

. 5(8+2)2 _ Kl _}_‘(_2 & K4 K5
T ost(s+1)  s+1 s

2)2 2)2
s s=—1 s+1 ls=0

KI = 20

12-27
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= K. K Kss®
ST 1 s+1+K2+ 35 + Kys” + Kss

Differentiating each side gives

5 [<s +1)2(s +2) = (s+ 2)2} _ Kifas¥(s+1) — 5]

(s+1)? (s+1)?
+0 4+ K3 + 2K4S + 3K5S2
5s(s+2) Kis°(3s+4) 0
= K K
Gri2 G+ 12 + K3+ 2K4s + 3K5s
_ 5s(s+2) —0
3= (S + 1)2 S::OM

Note that two more derivatives of the term involving K; will drop out at
s = 0. Hence,

At
2Ky = 5ds [(s + 1)2]3=0 6K 5=0

s+ 1)2(25+2) — s(s +2)2(s+ 1)
24 =5 (s + 1) e

s 2 _2s(s
= 5(s + 1)2( i 1()5 n 12)4( +2) 40
2
= (5)—————(5 EyE e 10
K4 — 5

Now differentiate once more to get

d 10
6K5‘2i§{(s+1>3}

s=0
_—30(s + 1)?
o (S -+ 1)6 s=0
-30
- "% 1 =30
(S + 1)4 5=0
K5 = -5

5(s+2)? 5 +§+9_+i_§
sf(s+1) s+1 st 3 2 s

5 20 5 5

s+1 s+ s s




Problems

Test at s = —2:
:_5+§—g+—2—+—2—=0 OK
F(s)z:s—_?_——1~+!29—2+(—955—§

f(t)=5e—t+g%3+5t—5

= (5€% + 213 + 5t — 5)u(t)

P 12.44 f(t):ﬁ—l{ K — + K . }

s+a—j8 s+a+if
= Ke oteift | K*e—ote—ibt
= |K e ot[e/ePt + e~i0e~31]
= |K |e—at [ej(ﬂt+9) + e—j(ﬂt+0)]
= 2|K|e~* cos(ft + 0)

P 1245 [a] L{"f(t)} = (=1)" [dni ff)]

B 1 d"F(s) _ (—=1)"n!

Let f(t)=1, then F(s) = 3’ thus dst  s{ntD)
n n | (—1)"n! n!
Therefore L{t"} = (—1) |: S(nz-l) = St
—1\!

It follows that L{tTD} = Qs—l)

(r—1) —at — (Ir - 1)'
and L{t" Ye ™} GGroy
Theref L{t'r -1 wat} K =L M

elore ( _1)' —(S+a)r_ (1"—1)!

-1 K K
b] f(t)=L {(S+a_jﬁ)r+(3+a+jﬁ)r}

12-29
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Therefore
Kt 1 ) K*t1
= —(e—3B)t o 7 e—(ot+ip)t
fO ==y T =
_ |K( |fr_118)—'°‘t [ 03Bt | e—j66~j,@t]
ro— !
AK|tr—te—ot
= [|_(7_i_:.1_)'___] cos(ft + 6)
200s3
4 — _
P 1246 [a] lim sV(s) = lim, [54[1+ (40/5) + (64/)|[L + (100/32)]}

Therefore v(0") =0

[b] Yes, all of the poles of V are in the left-half of the complex plane.
Therefore,

lim sV (s) = lim [ 20057 }

(82 + 40s + 64)(s2 + 100)
Therefore v(oo0) =0

1853 + 6652 + H4s
(s+1)(s+2)(s+3)
£i_1+r(1)sF(s) =0, . f(oo) =0

P 12.47 [a] sF(s) =

Jim sF(s) =18, s f(0t) =18

8s% + 895 + 311s + 300
(s +2)(s? +8s+15)

lim sF(s) = 10; s f(o0) =10

[b] sF(s) =

lim sF(s) =8, s f(ot)y=8

(€] sF(s) = 11s® + 1725 4 700s
(s +2)(s% + 125 + 100)

lim sF(s) =0, . floo) =0

lim sF(s) =11, S f(oh)y =11

5—00
2411 00
(d] 8F(S)=568 + 112s + 5000

(s2 + 14s + 625)

5000

lim sF(s) = 56, oo f(0T) =56

§—0C

lim s F" (s) =



Problems 12-31

(s? — 5s + 50)

s(s + 10)
F(s) has a second-order pole at the origin so we cannot use the final
value theorem.

P 12.48 [a] sF(s) = 8

lim sF(s) =8, s f(0t)y =8
_10(3s* +4s +4)
[b] SF(S) - (8+2)2
lin& sF(s) = —42(] = 10, o f(o0) =10
lim sF(s) =30, .. f(0%) =30
3 _ @2
[c] SF(S)=8 6s* + 15s + 50

s(s? +4s + b)
F(s) has a second-order pole at the origin so we cannot use the final
value theorem.

lim sF(s) =1, oo flot)y =1
s® + 65 4 5s
[d] sF(s) = TGt
iir%sF(s) =0, 5o f(oo) =10
lim sF(s) =1, S floh) =1
16s* 4 72s% + 21652 — 128s
[e] sF'(s) = (82 + 25 +5)2
£%SF(5) =0, o floo)=0
leIglosF(s) = 16, s f(ot)y=16

P 12.49 All of the F'(s) functions referenced in this problem are improper rational
functions, and thus the corresponding f(t) functions contain impulses (6(t)).
Thus, neither the initial value theorem nor the final value theorem may be
applied to these F(s) functions!

B sVae./RC
52+ (1/RC)s + (1/LC)

P 12.50 sV,(s)
éir% sV,(s) =0, o U(00) =0

lim sVy(s) =0, S 1,(0T) =0
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_ Vac/RC)
sLo(8) = Z T ATRCYs + (1/LC)
. _ Vao/RLC Vi Vi
msls)=—/tc = R t0(20) =
lim sIo(s) =0, S i,(0Y) =0
. (Idc/C)S
P1231 sVo($) = 52 (i/RC)s + (1/L0)
lim sVo(s) =0, AR ER
lim sVo(s) =0, Soou(01) =0
310\ = 2 (1/RC)s + (1/LC)
E,EI(I)SIO(S) =0, S de(00) =0
slgglo SIO(S) = l4c, ’Uo(0+) = g
| _ Iaes[s + (1/RC)]
P1252 sL($) = 37 (1/RO)s + (1/LO)
l%s]o(s) =0, S d(00) =0
slggo sI,(s) = lac, iO(OJr) = I4c
100(s +1

F(s) has a second-order pole at the origin, so we cannot use the final
value theorem here.

Jim sF(s) =0, o f(oh)y =0
20s°
[b] sF(s) = Gri)p
li_r}r(l) sF(s) =0, S f(o0)=0

lim sF(s) =20, .. f(0") =20



Problems 12-33

o] F(5) = sy
lim sF(s) = 80, o f(o0) =80
Jlim sF(s) =0, S f(0h) =0
5s(s+2)%2  5(s+2)?
[d] sF(s)= 54((5——I|—— 1)) = S:E(;_l_ i)
lim sF(s)=0, .. f(0*)=0

The final value theorem cannot be applied here, as F(s) violates that
requirement that all poles lie in the left-half plane, with the exception of
a single pole at the origin. This F'(s) has four poles at the origin!



